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For any K(= 2k+1)th-order Lovelock gravity with fine-tuned Lovelock couplings, we demonstrate
the existence of a special isolated critical point characterized by non-standard critical exponents in
the phase diagram of hyperbolic vacuum black holes. In the Gibbs free energy this corresponds to
a place wherefrom two swallowtails emerge, giving rise to two first-order phase transitions between
small and large black holes. We believe that this is a first example of a critical point with non-
standard critical exponents obtained in a geometric theory of gravity.
PACS numbers: 04.50.Gh, 04.70.-s, 05.70.Ce
The thermodynamic behaviour of asymptotically anti
de Sitter (AdS) black holes has been a subject of interest
ever since the discovery of thermal radiation/large AdS
black hole phase transitions [1]. Not only is it straight-
forward to define thermodynamic equilibrium, but these
spacetimes also admit a gauge duality description via a
dual thermal field theory, providing important insight
into the underlying structure of quantum gravity.
A new development in this area occurred with the pro-
posal that the cosmological constant be interpreted as a
thermodynamic variable [2] that plays the role of pres-
sure [3–5]. This in turn implies that the mass of the black
hole should be regarded as the enthalpy of spacetime:
namely the sum of both its internal energy and the en-
ergy required to “make room for it” by displacing its (vac-
uum energy) environment. This perspective has led to a
number of novel insights and new phenomena in black
hole thermodynamics, including the realization that the
phase-transition between large AdS black holes and ra-
diation [1] can be understood as a “liquid/solid” phase
transition [6], the discovery that charged black holes be-
have as Van der Waals fluids [7–9], and the discoveries of
reentrant phase transitions [10], in which there are phase
transitions from large black holes to small ones and then
back to large again as the temperature monotonically in-
creases, and of triple points [11] for Kerr-AdS black holes,
where a coalescence of small, medium, and large sized
black holes merge into a single kind at a particular crit-
ical value of the pressure and temperature, analogous to
the triple point of water.
Understanding the nature of critical points for these
phenomena provides additional insight into black hole
thermodynamics and may reveal key insights into quan-
tum gravity. So far all black holes studied have been
shown to have the standard set of critical exponents ex-
pected from mean field theory: α = 0, β = 12 , γ = 1
and δ = 3. However, it is well known that many statisti-
cal systems demonstrate critical exponents different from
these, the Ising model in less than 4 dimensions being the
best known example. Here we report on the first known
case of black holes that do not have mean-field critical ex-
ponents. We find that they occur in all Lovelock gravity
theories of odd order K.
Non-mean-field exponents are normally interpreted as
an indication that long distance interactions of some kind
are important in the microscopic physics; however scaling
arguments usually imply that the exponents should be
mean-field in dimensions greater than 4. Here we find
non mean-field exponents in any dimension greater than
or equal to 5. Furthermore, these are determined not
by summing over states in a microscopic description of
any specific dimension, but rather from a single classical
solution of a gravitational theory.
Lovelock gravity [12] is a geometric higher curvature
theory of gravity that can be considered as a natural gen-
eralization of Einstein’s theory to higher dimensions—it
is the unique higher-derivative theory that gives rise to
second-order field equations for all metric components.
Its Lagrangian is [12]
L = 1
16piGN
K∑
k=0
αˆ(k)L(k) , (1)
in d spacetime dimensions, where K =
[
d−1
2
]
, the
αˆ(k) are the Lovelock coupling constants, and L(k) are
the 2k-dimensional Euler densities, given by L(k) =
1
2k
δa1b1...akbkc1d1...ckdkR
c1d1
a1b1
. . . R ckdkakbk , with the ‘generalized
Kronecker delta function’ δa1b1...akbkc1d1...ckdk totally antisymmet-
ric in both sets of indices, and R ckdkakbk the Riemann
tensor. In what follows we always take all the Love-
lock couplings to be positive and identify the (negative)
cosmological constant Λ = −αˆ0/2 with thermodynamic
pressure [3–5]
P = − Λ
8piGN
=
αˆ0
16piGN
, (2)
2allowing it to vary in the first law of black hole thermo-
dynamics. We associate the conjugate quantity to P as
the thermodynamic volume V . With this identification,
the mass M of the black hole is interpreted as enthalpy
rather than internal energy [4].
In what follows we concentrate on static vacuum spher-
ically symmetric AdS Lovelock black holes with hyper-
bolic horizon geometry, employing the ansatz
ds2 = −f (r) dt2 + f (r)−1 dr2 + r2dΩ2d−2 , (3)
where dΩ2d−2 denotes the line element of a (d− 2)-
dimensional space of constant curvature κ(d− 2)(d− 3),
with κ = +1, 0,−1 for spherical, flat, and hyperbolic ge-
ometries respectively of finite volume Σd−2, the latter
two cases being compact via identification [13–15].
The Lovelock equations from (1) reduce after integra-
tion to the following polynomial equation for f [16, 17]:
P (f) =
K∑
k=0
αk
(
κ− f
r2
)k
=
16piGNM
(d− 2)Σd−2rd−1 ≡ m(r) ,
(4)
whereM stands for the ADM mass of the black hole, and
α0 =
αˆ(0)
(d− 1) (d− 2) =
16piGNP
(d− 1) (d− 2) , α1 = αˆ(1) ,
αk = αˆ(k)
2k∏
n=3
(d− n) for k ≥ 2 (5)
are the rescaled Lovelock couplings.
We consider a very special case of Lovelock gravity
such that (α ≡ αK)
P (f) = α
(
κ− f
r2
+A
)K
− αAK + α0 . (6)
which implies1
αk = αA
K−k
(
K
k
)
, 2 ≤ k < K , (8)
with α0 arbitrary and α1 = 1. The requirement (6) also
implies A = (Kα)
−1
K−1 and yields
f = κ+ r2A
[
1−
(m(r) − α0
αAK
+ 1
)1/K]
. (9)
The black hole mass M , the temperature T , the entropy
S, the thermodynamic volume V , and the potentials Ψ
1 Note there is a certain similarity with a class of Chern–Simons
theories [18], for which the Lovelock couplings obey (with d odd)
αp =
ℓ2p−2n+1
2n− 2p − 1
(
n− 1
p
)
p = 1, 2, . . . , n− 1 =
d− 1
2
, (7)
with ℓ being the AdS radius.
conjugate to α read (B ≡ κ
r2
+
+A)
M =
(d− 2)Σd−2rd−1+
16piGN
(
αBK − αAK + α0
)
, (10)
T =
|f ′(r+)|
4pi
=
−κ
2pir+
+
(d− 1)r+
4piKBK−1
(
BK −AK + α0
α
)
,
S =
Σd−2 (d− 2)α
4GN
K∑
k=1
(
K
k
)
kκk−1AK−krd−2k+
d− 2k ,
V =
Σd−2r
d−1
+
d− 1 , Ψ =
K∑
k=2
k − 1
K − 1ψ
(k)AK−k
(
K
k
)
, (11)
where
ψ(k) =
Σd−2(d− 2)
16piGN
κk−1rd−2k+
[
κ
r
− 4pikT
d− 2k
]
, k ≥ 2 .
(12)
All these quantities satisfy the first law of black hole
thermodynamics and the corresponding Smarr–Gibbs–
Duhem relation
δM = TδS + V δP +Ψδα ,
(d− 3)M = (d− 2)TS − 2V P + 2 (K − 1)Ψα . (13)
Re-arranging (11), we have the following equation of
state:
P =
(d−1)(d−2)α
16piGN
[
BK−1
(2K(2pir+T+κ)
(d− 1)r2+
−B
)
+AK
]
,
(14)
where r+ = r+(V ) through the relation (11). Alterna-
tively we can define a ‘specific volume’, v = VN
4(d−1)
d−2 ,
where N measures the number of degrees of freedom as-
sociated with the black hole horizon. In Einstein grav-
ity N = A/L2
Planck
, and the dimension-dependent factor
4(d−1)
d−2 is chosen such that the equation of state takes
the ideal gas law, P = Tv + . . . , to leading order. For
simplicity, we shall use r+ = r+(V ) and in what follows
concentrate on the κ = −1 case.
To analyze possible critical points of this equation we
compute the derivatives of P with respect to r+. We
find that ∂
kP
∂rk
+
= 0 for all k = 1, . . . ,K − 2 provided that
r+ = rc = 1/
√
A. We can also arrange that ∂
K−1P
∂rK−1
+
= 0
provided we fix T = Tc = (2pirc)
−1. Finally, we find
that ∂
KP
∂rK
+
is always negative. This means that we have a
special point, given by
rc =
1√
A
, Tc =
1
2pirc
, Pc =
(d− 1)(d− 2)α
16piGN
AK .
(15)
When K is even this point corresponds to a maximum
of P and there is no associated criticality (a fact further
confirmed by examining the Gibbs free energy, shown in
Fig. 1). However, when K is odd, the special point is a
point of inflection of a strictly decreasing function, and
3so describes an isolated critical point where the two first-
order phase transitions merge (or in terms of the Gibbs
free energy, the two swallowtails merge). Note that at
this point the mass of the black hole vanishes, M = 0.
Introducing the new variables
ω =
r+
rc
− 1 , τ = T
Tc
− 1 , (16)
we find the following expansion near the critical point:
P
Pc
= 1+K
2K
d− 1ω
K−1τ+
(K − d+ 1)2K
d− 1 ω
K+ . . . (17)
From this expansion it follows that we have the following
critical exponents:
β˜ = 1 , γ˜ = K − 1 , δ˜ = K . (18)
We also find that identically CV = 0, implying that
α˜ = 0 . (19)
Although non-standard, these critical exponents sat-
isfy both the Widom relation
γ˜ = β˜(δ˜ − 1) , (20)
and the Rushbrooke inequality
α˜+ 2β˜ + γ˜ ≥ 2 . (21)
We obtain a strict inequality because CP ∼ |τ |K−1 van-
ishes at the critical point.
The thermodynamic potential to consider in the canon-
ical ensemble is the Gibbs free energy, given by [19] (see
also [20] for the Euclidean action calculation)
G =M − TS = G(P, T, α) . (22)
The thermodynamic state corresponds to the global min-
imum of this quantity for fixed parameters P, T and α.
The behavior of G depends crucially on the order of Love-
lock gravity. Namely, for K odd we observe two swal-
low tails starting from the same critical point, whereas
in even-order Lovelock, there is no criticality associated
with this point, as shown in Fig. 1.
We find that the branches of black holes that globally
minimize the Gibbs free energy (and possess non-negative
temperature) have always non-negative CP and hence are
locally thermodynamically stable. At the critical point
we have CP = 0, as we must to violate the Rushbrooke
equality as discussed above.
The P−T phase diagram is displayed in Fig. 2. We ob-
serve two coexistence lines of the first-order small/large
black hole phase transition that both terminate at the
isolated critical point (15). At this point the phase transi-
tion becomes continuous and occurs for massless,M = 0,
black holes.
To summarize, we have found the first example of an
isolated critical point in a geometric theory of gravity,
generalizing results recently obtained in a more specific
context [21–23]. The odd-order Lovelock theories (in any
dimension in which they exist) all have massless topolog-
ical black holes [14, 15] as solutions, and so will exhibit
this phenomenon for an appropriate choice of coupling
constants. It is straightforward to check that the Ehren-
fest equations are trivially satisfied at this isolated crit-
ical point (both sides identically vanish). We have also
computed Prigogine–Defay ratio [24] to be Π = 1/K for
this class of black holes, indicating that the phase tran-
sition has more than one order parameter. Our results
suggest that the microscopic degrees of freedom for this
class of black holes have strong correlations, e.g., [25],
whose origin remains to be understood.
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